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Abstract  The application of water conservation and 
leakage prevention at all stages of water delivery to the 
consumer can provide the rational and efficient use of 
water resources. The long length of heating and water 
supply networks, their high degree of wear and tear lead 
to the appearance of leaks. The paper describes research 
results on developing the calculating method for detecting 
underground damage zones in the water supply system 
pipeline. The basis for this study is the main difference 
between the regulated water intake for the needs of the 
water user and the uncontrolled loss of water from a 
damaged pipeline. The water user takes water from the 
water supply system in accordance with the designed 
parameters, and such a water intake will not cause unusual 
changes in the water pressure in the pipeline. The volume 
of water lost through pipeline damage will always be 
proportional to the sharp water pressure change in the 
pipeline. We developed the mathematical model to 
substantiate the detecting method of the pipeline damage 
zone. The model considers the operational characteristics 
of pipelines to the full extend: head and water flow, the 
degree of deterioration of water conduit, the geodetic 
position of water intake points. The mathematical model, 
confirmed earlier by dozens of independent experiments, 

made it possible to replace expensive hydraulic 
experiments and prove the possibility of using the 
developed method of detecting hidden damages of water 
conduits by extrapolating the measured piezometric heads. 
The proposed software system for calculating the 
underground pipeline damage zone in water supply 
systems makes it possible to determine the pipeline 
damage hidden zones based on solving the hydraulic 
problem for a linear pipeline and studying hydraulic 
processes. We can use the created optimization model as a 
proven analog of a physical hydraulic stand in hydraulic 
studies in the simulation mode. 

Keywords  Model, Pipeline, Water Supply System, 
Water Intake, Hidden Zones, Leakage, Water, Pressure 

1. Introduction
Water in zones of arid climate (to which the Aral Sea 

basin belongs) is a fundamental resource for the life 
support of man and society, for the production and 
economic activities, and the development of the state's 
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economy. This is clearly evidenced by the practical 
experience of using water resources in the Central Asian 
region over the past 40–45 years, showing that the 
population of the lower reaches of the Syrdarya and the 
Amudarya Rivers often suffered from a lack of water and 
its socio-economic consequences [1]. 

Deterioration of water supply networks is that in many 
settlements is one of the main contemporary challenges. 
Analysis of the state of water supply networks in cities 
and towns shows that their average wear is up to 42% 
[2,3]. The appearance of through holes in the walls of the 
pipelines leads to large losses of transported water, for 
example, over 13 m3 of water per day is lost only through 
a hole with a diameter of 3 mm at a water pressure in the 
pipeline of 5 kg/cm2. Reducing losses from leaks is the 
most important measure for providing the population with 
fresh water. Fast detection and, accordingly, fast 
elimination of the leak mean additional water delivered to 
the population [4,5]. 

We carried studies out to substantiate a new method for 
determining the zone of underground damage to the 
pipeline in water supply systems. This method is based on 
the fundamental difference between controlled water 
intake by water consumers and uncontrolled water flow 
through the damaged pipelines. In the first case, 
consumers use water as a useful and often paid resource, 
and therefore this water intake from the pipeline most 
often weakly depends on the pressure in the pipe. With an 
uncontrolled outflow of water, the relation between the 
water pressure in the pipe and the rate of its outflow 
through the damage to the pipeline should be traced. 

The result of the difference in the efficiently controlled 
water intake and the useless loss of water through the 
damaged pipeline is expressed in the appearance of a 
fracture in the line of piezometric heads at any and 
different water pressures at the pipeline inlet. When 
connecting the measured piezometric heads with lines, it 
is possible to determine the breaking point on the line of 
piezometric heads. The breaking point will correspond to 
the point at which water loss is proportional to pressure 
change, or in other words, to the point of pipeline damage. 
The theoretical part of the article is devoted to the 
hydraulic calculation of the pipeline, demonstrating that 
the fracture of piezometric lines in the zone of pipeline 
damage is a constant pattern provided by the laws of fluid 
flow. 

Analysis of the simplest hydraulic equations' analytical 
solution and an analysis of the solution to the same 
problem conducted using an optimization model 
developed by the authors are solved in the simulation 
mode (all pipeline parameters are fixed and set) instead of 
a complex study on physical models. The running time of 
this optimization model in the simulation mode ranges 
from several seconds to several minutes. We wrote the 
program in the GAMS language [6, 7]. 

2. Materials and Methods 
Currently, there are many methods to detect leaks. 
Hydraulic methods: visual control of the water level in 

hydrants when closing a section of the network; analysis 
of water losses (detection and determination of the 
leakage rate on the external network of the city and 
internal networks of buildings) with the "Seba Dinatronic" 
Co. laboratory. A significant drawback of this method is 
the need to disconnect sections of the network, making 
this method non-operational and time-consuming. In 
particular, in the case of reinforcement skip, the 
installation of bafflers on pipelines is required [8,9,10,11]. 
Using this method requires violating the integrity of the 
pipelines in advance by organizing special windows in the 
pipeline for control and using reinforced concrete pipes to 
make breaks in the fittings, violating the strength 
characteristics of the pipelines. 

Acoustic methods: acoustic; correlation-acoustic; leak 
detection using a push-through microphone SOK A-10; 
application of leak noise recorders (water supply network 
monitoring systems). The major disadvantage of the 
acoustic method is the detection of all the noises, and 
sometimes it is difficult to distinguish the leakage noise 
from the extraneous noise [8, 9,12,13,14,15]. 

Other methods: detection of the point of pipeline 
damage using television diagnostic devices - robotic 
systems or industrial endoscopes (when recording the 
water pressure); inspection of water supply networks for 
leaks using an indicator gas (helium, a mixture of 
hydrogen and nitrogen); network monitoring using the 
Sebalog and Zonescan systems [8,9, 16,17, 18, 19, 22]. 

These methods make it possible to find hidden leaks 
and areas of underground pipeline damage in water supply 
systems. However, methods that accurately and 
effectively determine water losses over a wide section of 
the network without shutting it down have not been 
developed enough. 

The proposed method for detecting a leakage zone in a 
pipeline uses the main difference between an uncontrolled 
leak and a man-controlled water intake from the water 
supply system. In an uncontrolled leak, the flow rate is 
proportional to the water pressure in the system. 
Man-controlled water intake is determined by his needs, 
which is not a rate but a volume of water. This difference 
is used to determine the leak area, which may be outside 
the visual control zone. 

3. Results and Discussion 
Consider a system of equations reflecting changes in 

hydraulic characteristics over a pipe section of the length 
L. 

𝑑𝐻(𝑥)
𝑑𝑥

= −𝐹{𝑑0,𝑄(𝑥)}           (1) 
𝑑𝑄(𝑥)
𝑑𝑥

= −𝑄𝑢(𝑥) − 𝐵(𝑥) ⋅ 𝐿𝑢        (2) 
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𝐻(𝑥) = 𝐻0 for 𝑥 = 0 
where 𝐻(𝑥) – is the head, m;  
𝑥 – horizontal coordinate, m; 
𝑑0 – pipeline diameter, m; 
𝑄(𝑥) – water consumption at a given point of the 

pipeline, l/s; 
𝐹{𝑑0,𝑄(𝑥)} – empirical functions found by scientists 

as a result of research in hydraulics, l/s; 
𝑄𝑢(𝑥) – known water intake by consumers per one 

meter of the pipeline length, l/s;  
𝐿𝑢 – water leakage from damage in the pipe at some 

section of the pipeline length, l/s; 
𝐵(𝑥)  – the dimensionless function equal to zero 

throughout the pipe, except for a small zone in which 
there is a leak from the pipe. In the area of pipe leakage, 
this function is one. 

Despite the fact that the function 𝐹{𝑑0,𝑄(𝑥)}  is 
nonlinear, we can offer its linear approximation for our 
problem [20]: 

𝑑𝐻(𝑥)
𝑑𝑥

= −𝐴(𝑑0) ⋅ 𝑄(𝑥)          (3) 

Let us differentiate it again along the 𝑥-axis: 
𝑑2𝐻(𝑥)
(𝑑𝑥)2

= −𝐴(𝑑0) ⋅ 𝑑𝑄(𝑥)
𝑑𝑥

          (4) 

Substituting the above water balance formula (2) into 
equation (4), we obtain: 

𝑑2𝐻(𝑥)
(𝑑𝑥)2

= 𝐴(𝑑0) ⋅ �𝑄𝑢(𝑥) + 𝐵(𝑥)
𝐴(𝑑0)

⋅ 𝐿𝑢�     (5) 

What is the difference between controlled useful water 
intake by the consumer and uncontrolled leakage through 
damage in the pipe? The consumer determines the water 
intake with the volume of water he needs. Leakage 
through damage in the pipe is uncontrolled in volume and 
proportional to the water pressure in the pipeline. The soil 
surrounding the pipe can of course form some obstruction 
to the leakage flow, but it does not change the principle of 
it. i.e. 

𝐿𝑢 = 𝑘 ⋅ 𝐻(𝑥)             (6) 

where 𝑘 – is the coefficient of proportionality, depending 
on the amount of damage to the integrity of the pipe. 

Then 
𝑑2𝐻(𝑥)
(𝑑𝑥)2

= 𝐴(𝑑0) ⋅ �𝑄𝑢(𝑥) + 𝐵(𝑥)
𝐴(𝑑0)

⋅ 𝑘 ⋅ 𝐻(𝑥)�  (7) 

or 
𝑑2𝐻(𝑥)
(𝑑𝑥)2

= 𝐵(𝑥) ⋅ 𝑘 ⋅ 𝐻(𝑥) + 𝐴(𝑑0) ⋅ 𝑄𝑢(𝑥)   (8) 

It is rather difficult to solve this second-order 
inhomogeneous differential equation for the arbitrary 
function 𝑄𝑢(𝑥). 

By means of a complicated heuristic approximation of 
function 𝑄𝑢(𝑥), it is possible to obtain such a form of this 
equation, which could be solved analytically. However, no 
need to do it either. We should determine the location of 
the leak, not the function of the pressure drop in the 

pipeline. 
Suppose that the leaking section is much shorter than 

the pipe under study. 

𝑈 ≺≺ 𝐿                   (9) 

where L – is the length of the pipe section under study, m; 
U - is the section of leakage from the pipe, m. 
Let the leak be located at point 𝐿𝑢. The pipeline is L 

long. The beginning of the pipeline section is located at 
the origin of x coordinate. 

Let us find the solution to the equation on the sections 
{0} ←→ {𝐿𝑢} and {(𝐿𝑢 +  U)} ←→ {𝐿}. 

The main point is that the form of the equation being 
solved changes: 

𝑑2𝐻(𝑥)
(𝑑𝑥)2

= 𝐴(𝑑0) ⋅ 𝑄𝑢(𝑥)          (10) 

The value of equals to one at the leakage site only. In 
other points it is 𝐵(𝑥) = 0. 

In general, the solution looks like this: 

𝐻(𝑥) =  ∬ 𝐴(𝑑0) ⋅ 𝑄𝑢(𝑥)𝑑𝑥 + 𝐶1 ⋅ 𝑋 + 𝐶2     (11) 

where C1 and C2 – are the constants of integration that can 
be found from the boundary conditions. 

In the most general case, consistent with practice, the 
solution will represent a concave line. 

If we consider a section of the pipe in which the transit 
flow rate is much less than the water intake by consumers 
or the time of the day is chosen when the withdrawal of 
water by consumers is small or the consumers of water at 
the time of the study temporarily and significantly reduced 
the water intake, then the solution for the sections 
{0} ←→ {𝐿𝑢} and {(𝐿𝑢 + 𝑈)} ←→ {𝐿} takes a form of a 
linear equation: 

𝐻(𝑥) = 𝐶1 ⋅ 𝑋 + 𝐶2             (12) 
Let us assume that there is no water withdrawal at the 

site of leakage, or it is much less than uncontrolled losses. 
The higher the flow rate, the greater the drop in pressure, 
which means that the value of C1 is negative, and the 
value of C2 is equal to the head at the entrance to the 
investigated area. In the area after the leakage zone, the 
value of C1 is also negative, and the value of C2 is 
determined by the following equality: 

С1 ⋅ 𝑋 + 𝐶2 = 𝐻в()|𝑥=𝐿          (13) 

where 𝐻в(𝑥)|𝑥=𝐿  – is the head at the end of the 
investigated pipe section. 

The main thing is that the coefficient C1 at the 
beginning of the area under study is unconditionally less 
than the coefficient C1 at the end of the area under study. 
Let us prove it. 

Let us solve the equation for the section associated with 
the leak from the pipeline. It is assumed that there is no 
regulated water intake from a real consumer in the leakage 
zone. This is quite acceptable and is a consequence of the 
previously accepted assumption about the point nature of 
the zone of water leakage from the pipeline. Then from 
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equation (8) we get: 
𝑑2𝐻(𝑥)
(𝑑𝑥)2

− 𝑘 ⋅ 𝐻(𝑥) = 0         (14) 

since 𝐵(𝑥) = 1 on the entire site U. 
The characteristic equation for expression (14) looks as 

follows: 

𝑌2 = 𝑘, 𝑘 ≻ 0            (15) 

Characteristic equation (15) has two real roots: 

𝜆1,2 = +�𝑘,− √𝑘            (16) 

Then the solution to the equation on site U takes the 
following form: 

𝐻(𝑥) = 𝐶3 ⋅ 𝑒−√𝑘𝑥 + 𝐶4 ⋅ 𝑒√𝑘𝑥      (17) 

Since the behavior of function 𝐻(𝑥) when taking into 
account the root +√𝑘 does not correspond to the physics 
of the process, then this root of the equation should not be 
considered, which means C4=0. 

Let us use the property of function 𝑒−√𝑘𝑥 . The 
derivative of this function is always negative and 
decreases in absolute value. This means that the righthand 
point of the function always has a smaller value than its 
point located to the left. Consequently, in the zone of 
water leakage from the pipeline, there will be an abrupt 
exponential drop in pressure. All three solutions of 
equation (8) must represent one line on the graph 𝐻(𝑥) - 
abscissa, 𝑥 - ordinate. There will be two discontinuities 
of the first kind on the line (discontinuity of the first kind 
- the values of the functions to the left and to the right of 
the discontinuity are equal, but the derivatives are not 
equal). 

It cannot be otherwise since the pressure inside the 
pipeline is a continuous function, no matter how 
insignificant the zone U is. Before and after a leak, the 
solution presents a slightly curved line (small controlled 
water intake), in the case of a temporary interruption of 
controlled withdrawal, the solutions present straight lines. 
They will necessarily intersect in the area of uncontrolled 
water leakage. 

Consequently, the leakage zone is easy to determine if 
we plot a straight line at the beginning of the pipeline at 
an inclination, which corresponds to the solution or 
measurements, and a line at the end of the investigated 
section of the pipeline, at an inclination, which also 

corresponds to the solution or measurements, but at the 
beginning of the section. The point of intersection will be 
the point where water losses occur (uncontrolled by man, 
but proportional to the pressure). 

The greater the difference in the inclinations of the lines, 
the more accurately the point of water loss is determined. 

The inclinations of the lines are determined by the 
curvature of the solution function in the area of water 
losses and as a result of the conjugation of all three 
solutions. 

If the lines run parallel or almost parallel, then there is 
no loss in the studied section of the pipeline. Ideally, if 
there are no leaks or water intakes, the straight lines 
should coincide. 

Within the framework of this scientific research, a 
hydraulic model was developed and algorithmized, which 
adequately reflects the real hydraulic processes in 
pipelines. The adequacy and representativeness of the 
model was tested by comparing with real hydraulic 
systems and with the results of calculations using other 
mathematical models and systems. The operating mode of 
the model for the studies conducted to substantiate the 
method for determining the zone of water leakage is a 
simulation (with given lengths of the pipelines and their 
diameters). The optimization mode in the model was not 
used and the optimal choice of diameters was not made, 
although such a possibility is provided in the model [7] 
and the corresponding numerical experiments and 
comparisons proved the correctness of the model in all 
possible modes of its operation. 

However, to conduct a numerical experiment, the 
model for searching for the optimal parameters of the 
water supply network, developed by the authors of this 
article should include an equation linking water 
withdrawal at some predetermined point (determined 
leakage location) not with the requirements for water, as 
in the basic model [21], but with the water withdrawal, 
proportional to the water pressure at a given point.  

Let us take a section of the pipeline 6 km long, with 
constant pipe diameter of 10 centimeters and locate the 
leakage zone at a distance of 2 km from the beginning of 
the section (Figure 1). The point of the leakage location is 
chosen arbitrarily, as well as the length of the pipeline 
section and the diameter of the pipes; and the task of 
finding this point will be completed if we can determine it 
based on the analysis of the solution obtained. 
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Figure 1.  Scheme of a section with an organized leak at node "j 3" (the distance be-tween nodes is 1 km) 

 

Figure 2.  Water intake from all six nodes of the section under study per each hour of the day, m3/s 

Let us assume that on a given 6 km straight-line section 
of the network there are water consumers with a 
predetermined water consumption regime (Figure 2). 

Figure 3 shows the solution obtained by the developed 
optimization model [21] in the simulation mode. The 
point of intersection of the lines characterizing the drop in 
pressure at the beginning and end of the investigated 
section is clearly visible. At the eleventh hour (maximum 
regulated water withdrawal), the concavity of the pressure 
drop line is traced, as predicted by the theory set out 
above. The calculations were performed at different water 
pressures in the pipeline. The heads were selected in the 
range from small values, sufficient for the water flow in 
the pipeline from consumer to consumer, to extremely 
high values (60 meters of water column). The break in the 
pressure drop line along the pipeline is most clearly seen 
at the limiting values of water pressure at the inlet to the 
pipeline. This is quite understandable since the more 

noticeable the uncontrolled water leakage from the 
damage to the pipeline, the higher the water pressure in 
the pipeline. 

 
Figure 3.  Drop in pressure along the length of the pipe section for 
three different hours during the day (leakage at point "j_3") 
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Figure 3 shows the break in the solution lines in the 
region of the j_3 node. A series of real measurements 
made at the beginning and end of the section of the water 
supply network should show the same pattern. 
Extrapolation of piezometric inclinations at the beginning 
and end of the net-work section must also intersect at 
point “j_3”. The model [21] shows the values that real 
measurements on a real network show since the adequacy 
and accuracy of the model constructed by the authors and 
presented in were tested in dozens of independent studies 
and experiments. 

If the leak in the considered problem was at the point "j 
5", then the pressure loss curves would have a different 
location pattern, and the solution branches to the right and 
left of the leak point would intersect at the point "j 5" 
(Figure 4). A numerical experiment also confirmed this 
assumption. 

 

Figure 4.  Example of the cycle degeneration to a single point at the 
prohibition of the formation of a zero link of initial and final points 

The main advantage of this method is the accuracy and 
simplicity to measure the pressure in the pipeline under 
study. The pressure gauge should be connected to a drain 
for any two consumers at the end and beginning of the 
investigated section of the pipeline. It is necessary to 
accurately determine (using the level) the height of the 
pressure gauge placement during measurements and the 
distance between them along the length of the pipe-line. 
The accuracy can reach several centimeters and 
millimeters. Within the framework of this study, the 
development of a method for determining the leakage rate 
from pipelines was not expected. However, it is quite 
obvious that it can be defined in this way. In the case of 
no leak, but damage to the pipeline due to the occurrence 
of local losses (silting, corrosion, narrowing the free 
cross-section of the pipeline, compression of the pipeline), 
the pressure loss lines extrapolated from the beginning 
and the end of the pipelines are almost parallel; in practice 
and in theory they simply do not intersect. 

4. Conclusions 
1. The main feature of the controlled water intake by 

the consumer is a less noticeable dependence on the 

water pressure in the pipeline. At high and normal 
pressures the consumer intakes the water in volumes 
within the designed parameters. Water loss due to 
pipeline damage has a higher dependence on the 
water pressure sharp change in the pipeline. This 
fundamental difference between the useful and 
useless water flow out of the pipeline allowed us to 
assume the existence of some feature on piezometric 
lines at different water pressures in the pipeline. 

2. The hydraulic problem under study included a 
mathematical description of a fixed, controlled water 
intake and water losses proportional to a sharp 
change in water pressure simulating integrity damage 
of the pipeline. The system of equations was solved 
and the results showed the existence of a fracture in 
the line of piezometric head. Moreover, the higher 
the pressure, the stronger the fracture of the line of 
piezometric head. 

3. In practice, the area of integrity damage of the 
pipeline can be determined as follows. For a series of 
different pressures, the piezometric head is measured 
at the points where it is available. The lines of 
piezometric head are constructed. The breaking point 
in the lines in a certain area is an indicator of the 
existence of pipeline damage in this zone. 

4. When measuring piezometric heads, it is 
recommended to provide a temporary increased 
pressure and, if possible, reduce the water intake by 
consumers. In this case, the fracture zone of the line 
of piezometric head can be determined with higher 
accuracy. 
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